The Nullste lensatz

The clagsical Nullste[lemsatz is o Tweovemn  about “aljebm:‘c Sets
(i.e,. e sat of zews o a sef of Poltjhowxl‘als) n Afline spote - Rouﬂhlw
vF %%6 M‘F i IL=F'I Tweve is A Ove-tp-o0w CoW-bSPISV\dxMCQ

aljcbnu’c et 1n A < radicul idials n lt["u---,"‘»‘)_

We  will pve a4 Mmuth wmowe Wa\ vevsion, Grd Trn show how 4
Zlmph"eg v d&xcicq\ Version.

Def: R iy a Jueobsom ring £ weny prime ideal of R iy t
intergechn o mexinal ideals.

Ex: 1) A local ving is Jacobson €= The max'| ideal is e only  prime.

7—} I-F R is a P(DI Twn all Twe honz oo prinac i(‘laa,,s are Imaximgl.

Se R i Jacobsan 4s ld\n3 as Twe Tﬂxcobm vadicul s O.

Notatiowm : [ § ig anm R “[%bm (W/ R -8 e con. Wtovplfn't‘m))
omd LS am idial, we'll write TOR b wwan o« (T) evenm

£ o s hot are inclusion.

Tom (Gonwal Nullchellmsate) | Lt R be o Jacobson ving 1€ S iy

a,\c-j- R.‘alj&lora) Pun S 5 alyo a Jocohgm g, Moveover, if

%QS is a maximal tdeal T me=n NR i1 a maximal  ideal



o R) onnd S/% is oo Fivtke extumgion field ot R//m,.

(l"{. dlm%s/%<°o)
Note twat thig Cow fail of R i¢ not Jeeshgm:

Ex: Lt P\-k[je](ﬂ) = ROxT. Mwans %=(¢t-l)€8 is  maximal

Sihce 3/’lll, o k@)

But «NR =0, which clcav(b isn‘t hmaxinal.

Before we pwve te Theovem, we wneed o prve The following lsmma,

&bout Jacobsn Wl:jé:

Lmma: Lt R ke o ving. TFAG:

o) R iy Jaobson.

kY 1£ P is aprime o R omd 8% wanbains b *0 b S(T 15

a field, tunm S &5 o field

P ad=b) $mw R o Jocobson, @ is S D s om iVlh_ﬁml dlowain,

D is prime, o ™e Jawbson radical must be O

Since S[b7) is afield, mly (o) s prime, Thus, e only  prinme ideal
fw S C{VOI'O{I'IAS i_l.l ’01102/----3 i O —n"'“.’), DW\-LJ 0 tuvan~ lOVl'Wu. lO(Ldl

containg L, o 0 W\MS-)- he W\.&X‘IJ §o 5 s a \a{elo\.



Y =3a) Lt Q CR he prime, Mmal T tue interscchin of maximal
1 daalg (.ovﬂm’mimj Q. WIS T =Q.

Assume L #Q, and choose fe T -Q. B\j Zovin's lemma, find a prime
P max! W\Maaj pyineg wvntufm.‘v.,j P bhut not f. T, P ishtt
maxtl in R = R/P isn't a field.

_ RC#" R -
PR E‘F l] s max'| in RE"] TMWJL-, Fo PR(¢M) ~ ( /P)['F ] i&
oo field Bub tien 12/P it o field Whivh s a dowbradretin.

Ths L =Q,w R 7 Uacobem. O

Now we prove Tue Null ¢teller satz:

PL o Nullstellmcate: Fivst assume R is a field omd S=R(].
_n/q,\,, 6 it a P!D/ %9 we dm-{- l"fM/L to Thow 0 [£3 h«.(, interse chi

ot prime iduals. Sine  ho polynomial com hawe infinitely  many
ivveducible  factrs, we (}usi- have T Chow § hasg infrwtely many
prive idaals.

I e were cml,& ﬁ'hf\tblg many iVired. PblﬂthfaLS Fi (up o mult. byaunﬁ)}

T TTH; ¢l hes positive deqrer, s» it hot a unit, omd i+ hay ho
prime fadors.

Thus, O heag im’-‘imﬂccj mony  pPrinae \‘duls’ which are max'l, ¢ (o) is

e Jawbsn, ladical.



Now we show e Second ctotememt holds in tuig special Case:
£ m<SOS iy hmaxwal, hunw W= (iﬂ) e irveducible, Monic
Polgvxovvxlal. Then RNw =0, twe mly  max'l ideal & R

>
/(+) has  dimen gjon dLjC‘-F) over R, # it's o finte extemsion.

We how mole T a more jWLml Case - Lb'l" R lﬁ( oC U_a,(,okS’mA Vfl’lj)

e  fuppose S e 3&wura+<.d ay o R‘&[fjdom, Lr\ﬂ o Sn‘mjh devmmnt-
We  will prove e theoveme for thic se anmd fuwn do induchin m

TWe e r of %mm{—uvs.

For twe first datumant, we use Tue lumma. We wamt to show twat
if PcS s Pvivas_ amd S/ = % wntaing b ¥0O .6 %ICL”:\ i
e Feld, T %( is a freld

R / /
Set R/=/R(\PC'_’ S. We  tam twn VLP[acc. S b':] SI anel R bU R,
o integial domaine wntained in S, md we Wwamt fp thow twat if
Q(w') s a feld, o is S,

v fad, we'll sShow R is a feld in Twis cose to, md § o fink

extension o K.

For twe secomd statememt of twe Tweovem | we Mmake fue same

reduchion amd aSsuna S is @ Field. Thon we want excectly Twat R
is oo field omd S iy finite ovee it Thus, The samae  pwwdE proves bofh.



R (~)
Sine S is 3&/\/\4 L‘ﬂ & single et T over R, write O+ /(Q forr  sovee,
prime Q st t i Tue I'Vvla.ﬁz A =,

Fist we claim Q0. Otwsrwsse, 3 be RO b RG] 15
Pield. 1# K 15 Tae field o Bactmy o R, twnm KEIOTD is
alw o fidd. But we already showed K(x) & Jacdhson, o Twig
wihodicls e [emma,.

R(Cx) ) -
Thus, Q #0, and SC67') - LC"J is o Feld, so sujgkm[bl

k() A\ = x)
But /Q[c[}x] i$ O\IVuuilj a field, so STe™) ~ K%KCQ e ity

Finite ~dwaensitna ] oV k

Lt p(eQ be anmzes polynomial. dine S=RE%, we have

p(t)zputh*---+(’o=o fn %

&€ we in et Ph) T We See %CP;‘} ' im+<jm( VIRV R(jph-']_

h satisfies yonu q,mahlm w/ Coelicients in & too:

%C‘o)’ 9 m l°h+ - +$o= O

S 18 O CJ.OVV\QI'V)) So wW&L Cowmwn -Fcu,‘l'oy- out @ I ower o4 b it

hecessavy 0.t. ‘Lo'# O

T ()" ()Y e b (55) <o by g by gl



Thus SCL-l] id ih{-ejml over R[Pkio-l] (S"‘Mc SC"-'J ) all’wwhj"\

'Pt'e,leD.

But twn by fue previows guhlml sinee R is a duw\.a.'u) R[Paij‘} (s
o field  Sime R is Jacobson, Ris o field, by Hne Lowima.

Tuws, S(e7'J 5 imtegral over R, so Ois, w S is a field (ougamb
Covollavy (n  previgus Secﬁlﬂﬂ), ovd D i ’)C:'Vll"l‘C/R since (t's u’mLLJmI
el Wkd ag o~ R alﬁ- 173 e elenmandt.

For tue ?waa( Cage we do induchn ow the number of g,w-e,va'f'ovs
r ot S 04 O R a.(ﬂz,(olfq, ASSU.W\-L. V>l) ot et it ‘llO(A'S 'FDV

algebras w/ Sr-| W‘f’brs,

Lt S be e Wba.lje,bm £ S W-l--ul by v -1 of a,MMm‘f'o‘rs ot
S, T ¥ s Jacsbemn by indudion.  But tun § gemuated

by one elt as am S algebm, o by e vl ocase, S 0%
Jacobson.

\'F %QS % a max'l ideal T aso l‘J\j e b=l Cose %ﬂS’

)

is  max'l, <o WOR s a5 well, by induchom.

P/R(\% QS/S((]'VL» w %’ﬂ"’bg S/Yb aQre ‘ILI'MI.{-(, -ﬁcld C)('l'f/lnSi(ﬂn?_,

¥ by Tromsrhvity, 12/’R(\’Vla S is fwike. O



From ‘hm‘s, We. 5c+ much Mmove accessible chatomunts oly.alf@
with  polynomial rings over oo field onel "a‘%lomic seks"  Fist we
need o few definrhns.

Al g,ubra rc %ts

let k he a field.

Ref: (4 LF3CEE, .2 Tum

Z G, e ) =S G, a) ek [ Fi (o pa)=0 v 0k

W
ﬂlia s Callf-d oan a.'-;e'om(c i(‘-(- ine k- (Wlnl&lﬂ in .hll(s CW"'CK"‘ cah he

written /Ah > .

Check: B (%, £.) = 2(T)= 2 ((®), whove T=(4,.,5.)

Def: (2 X<k TL(x)- CFeklm, x| (o0 V peX§

—

Check: T(X) is o (radica)) desl, and 2 (T (2(D))=ZE), for
oy ideal TE kG, w0

Notice Twat ¢ (a,,...,a,)6€ kk, R=|"~C7|,.-.,'x.,.-\) s ™Me map
R—R

A = x; ~-a&;

1% o Is—omov]"l""?w\) wd Taug nduces an i omorpPhran



R~ = R/C«.—a.,..-,%‘“n) _

GIPRERLTY

Twe eva(ua-h'u»‘ Mep R “"IK it o< Wrd'tch‘mq w/ kevinel (71:-")7"3)
IF'_’f(,oJ -—=d 0)

‘o ('x,—q‘,.--,'\’u.‘%> s a(waads a mex'l ideal.

That o, Twerve's  am ihd'ccﬁzm AK_’SP{L(R), with  ivnecye

conkaimed in e wt of max'l ideqls.

Jw fecct, ¢ X-= ZCI) s AMI e (@, .,6)e X & F(a,,..,a.) O V fel

>} C'x¢-q\,-_-3 7<.,.‘°‘-h3 € \/(I)_

e Tae algobaic sets of AT ave twe closed  (ebs o Spec(R)

intesected W/ Tna l"fvw-\—ji ot Ab\) avd tn Twig \/uwj Ak
hevits Tw Zavishi fopology.

lw 'F&d", i+ k=F~, ond Xg/}\k o aljbblral'c set we'll  (ee Twoat Tware

s 6 Owve-to—owv (,ov-w.;pzmo(.gnce ")&""W&W Ioofn'l's H’- X cvnd closed
) R

points C.’.t. ma x| id:.als) th SP“‘</ECM)

Note: |£ k"‘"‘:, we. com hoae more max'l idkeals n Sp—e,C(IZB,

For l’msl'mu, nzcy@,_-ﬂ) = (E , %o ('X1'+7_) [ V\nC«)(fV'wal(.

Wity these odefimitions, twis is owm eony covollany o4 T
Nulls,i-e,(l.emscd'z.



Cort Ltksk. Foo each p=Cai,o0) €A dufine

’VV\-F = (‘xl-ql ) -"th§q”) g k(:")(", '-.J’Xlﬁl .

It X is o algebraic ot Twa n 2VLvryy maximal ideal o
kC"‘l:--'J’ij/ICx) ('S D-P- TVJ. 'FDV'VV\ myl_,cx) ’PDV' v Pe)(_

I particulay, twe points of X ae inone-t-ove wrrespondanca

W/ fwe max'lideals of Kol

PE: Lt Soklx,,m). Suposc wCS 5 a maximal idual

Applg e Nullstellensat z W/ R=k (Cle,cw(lj —J-a,w\oyon)) ol we g,e:f'

O=nR ad §//m, is  finife (“MJ Thuwg alje,(oraib over k.
But =k, % S/’m,"’*.

S/ L
Let a; be tae imaje. oA ’)(‘. UVVLCLL.V h/LLVVlC(P 8" /% k

Let P:Ca,ﬂ___)a,}_ T Wp SN bhut Wois Mmaximal, o MM,

S .
We ave  dowe SInce wery max | ideal of /ICX) it of Twe fovimy
T By TS m, ) o ped(m,)C XD

Now we pove Mo daasical vatemunt o e Nullste llomeatz:

Clogsical Nullgte llemgatz: Let k<k. £ T <klx, ., %) is an ideal,




T T(2(T))= rad T.

Thus, e (or rzspcmdlvn Ces

L—2(T) mad X r—T(x)

induce a lo;d'e,c,ﬁma between Tue collechon o Dk(g,olomfc vub sefs o
AK, ondh Vvadical ideals o kCX;,---,’X.:J.

B’_‘-‘ Btﬂ e Previous corollaw.j, T Poth{'So% Z(T) Cormgpayd
P M wmakivnal  1daals ot kl:"l,---,?(.;) (.t)‘m-l-aimiv\ﬂ I

Thus, I<Z(I)> 5 T Intersection o Tl maxinmal  idaals twat
contain T, By the Nullstellomvate, S=klx, -, %) s Jawben,

%o LVLM.j Privac iM\ Twat  towtaings T is Twe intersechon ot
max'l ideal, so IC%CC\\:VM(T.

Z(T(xV)=X $ollows Gom definihion o%alje,bmic wet,  mnnd
we AM{- Mowed Twat £ T i radial I(%(I));‘I.

Wu,g’ T ol T e e [of&uhlﬂ«& boe tureen ald eets avd
rodical (daals. W

Note: I classical AG‘, %(‘E\§¥<MI3 OA ll(g/.bmic, scts,
wWhweos i T ish't mdiuﬂ, V(I) $V<'°l:ft> Lvun %udh
Su
Spec(®/z) Spec (R4adT)

MMy arve e e st—theorefically (etwm ’ropolugl‘cq(hd D,_ﬂw



Oli@efe,v-mu_ (S ™ma - e lrt'ng 3 \qu{- o twe data \/u/ 0§ Clhume

while + (en'+ witv am a[g}_bmio SOt



